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Abstract 

An equilibrium picture of thermodynamics is discussed at the ap¬ 
parent horizon of FRW universe in /(T, Tc) gravity, where T repre¬ 
sents the torsion invariant and Tq is the teleparallel equivalent of the 
Gauss-Bonnet term. It is found that one can translate the Friedmann 
equations to the standard form of first law of thermodynamics. We 
discuss GSLT in the locality of assumption that temperature of matter 
inside the horizon is similar to that of horizon. Finally, we consider 
particular models in this theory and generate constraints on the cou¬ 
pling parameter for the validity of GSLT in terms of recent cosmic 
parameters and power law solutions. 
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1 Introduction 

The discovery of black hole (BH) thermodynamics suggest that there is a fun¬ 
damental connection between relativistic gravity and thermodynamics laws, 
however people have been trying to hnd a signihcant way to develop such 
connection [1]. BH acts as a thermodynamic system with temperature be¬ 
ing related to surface gravity and entropy with horizon area [2]. Jacobson 
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[3] unveiled the issue of relating BH thermodynamics to the Einstein grav¬ 
ity and derived Einstein held equations in local Rindler spacetime using the 
entropy S = A/AG and Clausius relation TdS = 6Q. Frolov and Kofman 
|3] showed that for the hat quasi de-Sitter geometry of inhationary universe, 
Friedmann equations can result from dE = TdS for slowly rolling scalar 
held. In [3], Padmanabhan explored such connection in case of spherically 
symmetric BHs and showed that held equations can be stated in the form 
dE+PdV = TdS. This study is further extended to generic static spacetimes 
in Lanczos-Lovelock gravity and shown that the near-horizon held equations 
again represent a thermodynamic identity in all these models [6]. 

Cai and Kim [7] showed that Friedmann equations with any spatial cur¬ 
vature can be derived from the Clausius relation TdS = SQ. The relation 
between gravity and thermodynamics has also been tested in Einstein as well 
as Gauss-Bonnet and Lovelock gravities. Cai and Cao [8] showed that Fried¬ 
mann equations in braneworld scenario can be cast to the form of hrst law 
of thermodynamics at the apparent horizon. This work is also extended in 
the framework of warped DGP braneworld [3] and Gauss-Bonnet Braneworld 
Akbar and Cai m found that formulation of thermodynamic laws in 
f{R) and scalar tenser gravities is not trivial when compared to Einstein 
gravity and Clausius relation is to be modihed. In this perspective, Fling 
et ah [12] studied the thermodynamic laws in f{R) gravity and remarked 
that non-equilibrium description of thermodynamics needed, whereby the 
Clausius relation is modihed to the form SQ = T{dS -|- djS), where djS is 
the additional entropy term. Cai and Cao [13] found that in scalar tensor 
theories thermodynamics associated with the apparent horizon of the FRW 
universe results in non-equilibrium description which modihes the standard 
Clausius relation. The thermodynamics properties have been discussed in 
various modihed theories [T^-|2Uj. 

The development of cosmology and gravitation can be seen as one of the 
scientihc triumphs of the twentieth century. In current situation modihed 
theories of gravity have been appeared as signihcant tool to discuss various 
cosmic issues [21]. The introduction of non-minimal coupling between mat¬ 
ter and curvature in the context of modihed theories has become a center 
of interest for the researchers [22] . Another important and conceptually rich 
class consists of gravitational modihcations involving torsion description of 
gravity. It is interesting to mention here that teleparallel equivalent of GR 
has been constructed by Einstein himself by including torsionless Levi-Civita 
connection instead of curvatureless Weitzenbck connection and the vierbein 
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as the fundamental ingredient for the theory [23]. Harko et al. [23] con¬ 
structed a more general type of f{T) gravity by introducing a non-minimal 
interaction of torsion with matter in the Lagrangian density. We [251 126] 
have discussed the validity of energy bounds and GSLT for specihc models 
and hnd the feasible constraints on the involved free parameters. Kohnas 
and Saridakis [27] proposed a novel theory namely /(Tc) gravity and then 
its generalized form /(T, Tq) gravity and they also discussed its cosmological 
signihcance. Recently, we have discussed the energy condition bounds in this 
modihed gravity and tested two well known models [28] which are proposed 
in [27] . 

In this study, we are interested to explore laws of thermodynamics in 
/(T, Tc) gravity which is a more generic modihed theory involving torsion 
and Gauss-Bonnet contributions m- In previous studies, we have explored 
the issue of equilibrium thermodynamics in f{R,T) [29], f{R,Lm) [30] and 
/(R, T, [31] theories of gravity. We hnd that equilibrium picture 

of thermodynamics in such theories needs more study to follow. However, 
in this paper we hnd that one can develop the equilibrium picture of ther¬ 
modynamics in generic modihed theory models which involve contribution 
from torsion scalar. The paper has the following format: In section 2, we 
present the general formalism of held equation in /(T, Tg) gravity for FRW 
universe. In section 3, the hrst law of thermodynamics (FLT) is established 
and we discuss the validity of GSLT for diherent /(T, T^) models in section 
4. Finally, section 5 summarizes our hndings. 

2 /{T.Tg) Gravity 

In this section, we briehy review some basic components of TEGR and hence 
of /(T, Tg). The dynamical variables of TEGR are the vielbein helds eA{x^) 
which can be represented in components as Ca = The connection 1- 

forms (the source of parallel transportation) in terms of vielbein held 

is given by The structure coefficients arising from the 

veilbein commutation relation 


\^a-i Cfe] 


are dehned by 




fi,iy 



3 


One can define torsion and curvature tensor in tangent components as 



( 1 ) 

( 2 ) 


Furthermore, for an orthonormal veilbein, the metric tensor is dehned by the 
relation 




where rjab = diag{—l, 1,1,1). Herein, a,b run over 0,1, 2, 3 for the tangent 
space of the manifold and fi, v are coordinate indices on the manifold which 
also run over 0,1, 2, 3. 

In order to be consistent with the condition = 0 (teleparallelism 
condition), we express the Weitzenbdck connection as follows 



while in terms of Levi-Civita connection, the Ricci scalar R is given by 


eR=-eT + 2(eT7),^, 


where e = det(e“) = ^/\g\ and T = is the 


torsion scalar. Consequently, the Lagrangian density describing TEGR in 
D-dimensions is given by 



( 3 ) 


Following these lines TEGR action has been extended to the form [2T] 



( 4 ) 


In a recent paper [2^, teleparallel equivalent of Gauss-Bonnet theory has 
been proposed involving a new torsion scalar Tg, where, in Levi-Givita con¬ 
nection, the Gauss-Bonnet term is dehned by 


eG = eTc + total diverg, 
and the corresponding action takes the following form 



( 5 ) 
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Since both theories f{T) and /(Tc) arise independently, therefore a compre¬ 
hensive theory involving both T and Tq as basic ingredient has been proposed 
by Kohnas and Saridakis dehned by the following action [27] 

S = -^ f d°xef(T,Ta). ( 6 ) 

2 kd Jm 

In some certain limits of the function /(T, Tq), other theories like GR, TEGR, 
Einstein-Gauss-Bonnet theory etc. can be discussed. 

We consider the flat FRW universe model with a{t) as expansion scalar 
given by 

ds"^ =—dt'^ — + (11/“^ + dz"^). ( 7 ) 

The diagonal vierbein and the dual vierbein for this metric are 

e“ = diag{l, a{t), a{t), a{t)), 
ea = 

while the corresponding determinant is given by e = a(t)^. The torsion scalar 
and Gauss-Bonnet equivalent term Tg for this geometry are 

T = QH^, Tg = 2AH‘^{H + ( 8 ) 

where H = - is the Hubble parameter. In this study, we consider the matter 
action Sm = f ^mattery/—gdx^ Corresponding to natter energy momentum 
tensor 0^,^, which is assumed as perfect fluid. Now the variation of action 
S + Sm implies the following gravitational equations for FRW geometry 

/ - 12772/t - Tcha + 24i7VrG = 2«Vn., (9) 

/ - 4 ( i7 + - AHfr - Tg/to + ^Tg/to + 

(10) 

where pm and Pm indicates the density and pressure of ordinary matter, 
fxT, Itto^ ■■■ represent the second and higher-order derivatives with respect 
to T and Tg respectively. Moreover dot represents the time derivative and 
these derivatives are given by 

/t = JtTT + fTToTG, Itg = JttgT + JtgTgTg, ( 11 ) 

Jtg = JtttgT'^ + ‘^IttgTgTTg + ItgTgTgTg + IttgT + ItgTgTg-, (12) 
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where the derivatives of torsion scalar T and teleparallel equivalent to Gauss- 
Bonnet term Tq can be set in terms of Hubble parameter H as 

T = 12HH, fG = 2AH‘^{H + 2HH)+A8HH{H + H^), 
f = 12{H^ + HH), fG = + UAHHH+ 288H^H^+ 2AH^H 

+ 9QH^H. 

The dynamical equations dH]) and (fTU|) can be rewritten as 

= ^{Pm+P,), (13) 

H = -{Pm+Pm^ Pi) + Pi)), (14) 

where and p^ are the density and pressure of dark energy, respectively 
given by 

Pi) = ^m^-f + l2H^fT + TGfTa-‘^^H^fTai (15) 

Pi) = ^[-2{2H + 8H^) + f-A{H + 8H^)fT-^HfT-TGfTa 

+ ^^g/tg + (16) 

For FRW spacetime, the energy density pi) and pressure p^ of torsion contri¬ 
butions satisfy the following relation 

p^ + 3H{p^ + Pi)) = 0. (17) 

3 Thermodynamics in /(T, Tq) Gravity 

Here, we discuss the hrst and second laws of thermodynamics at the apparent 
horizon of FRW universe in /(T, Tc) gravity. 

3.1 First Law of Thermodynamics 

The condition h^^dafdpf = 0, implies the radius of dynamical apparent 
horizon. For flat FRW geometry, radius is 

fA = 4 , ( 18 ) 
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Taking the time derivative of the above equation, it follows that 


Ta dr a 
dt 


= HH. 


Substituting above result in Eq. flTdll . we get 


/ 2TirAdrA \ 


= A-Kf\H 


2'KrA \ G J 
{16HH - 8H^)fTa + 


Pm T Pm T 


dt. 


IOttG 


-m{l + fr) - AHfr 
( 19 ) 


Multiplying Eq.(|ISll with (l - it leads to 




271 ~~\4 GJ ‘^HPaJ 

- 4HfT + {lQHH-8H^)fTa+8H^fT, 


Ta 


-) 


Pm T Pm T 


dt, 


IQtiG 


( 20 ) 


where A = dvrr^ is the area of apparent horizon, Kgg = ^(1 — 2 m 

the surface gravity and T = is identihed as temperature of apparent 
horizon. Furthermore, Eq. fl20|) involves Bekenstein-Hawking entropy relation 
BE] S = A/AG dehned in Einstein gravity. Consequently, Eq. fl20|) can be 
rewritten as 

TdS = fAAH{pm + Pm)dt - 27ir\{p^ + Pm)dfA + 

IottG 

X + fr) - AHfr + {16HH - 8H^)fTa + 8>H^ka) dt. (21) 

The matter energy density inside the apparent horizon is dehned by the 
relation E = Vptot with V = 4/37rr^ and for this theory it results in 

dE = Anf\{pm + p{))dfA - Anr\{pm + Pt) + Pm + P'a)Hdt, (22) 

where we have employed the standard continuity equation which holds in 
fiTkc) gravity. 

Inserting dE in Eq. fl2l|) . we get 

TdS = -dE + 27lf\{pra + p7) - Pm- P'd)dfA- (23) 
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( 24 ) 


Now introducing the total work density which is dehned as |33] 

Eq. (j23il takes the standard form of FLT 

TdS = -dE + dW, (25) 

which is FLT in f{T,Tc) gravity identical to that in Einstein, Gauss-Bonnet 
and Lovelock gravities and usual FLT is satished by the respective held equa¬ 
tions [8]-[Tn]. 


4 GSLT in /(T, Tg) Gravity 


Here, we explore the validity of GSLT in the framework of f{T,Tc) gravity 
at the apparent horizon. According to GSLT, the sum of the horizon entropy 
and entropy of ordinary matter huid components is not decreasing with time 
[7]. In literature, it is shown that GSLT can be met in the framework of 
modihed theories of gravity [Il]-|2ni |29l ISOl |3T]. It would be interesting to 
examine the GSLT in /(T, Tg) modihed theory. The Gibb’s equation which 
relates the entropy of matter and energy sources inside the horizon Sin to 
the density and pressure in the horizon is dehned as 

TindSin = d{pmV) + PmdV. (26) 


Equivalently, it can be expressed as 

TinSin = 4:'Kf\{pm + Pm){rA “ Hr'A), 
where pm and Pm can be evaluated of the form 
1 


Pm 2 


Pm = 


f - - Tcha + 


(27) 


(28) 


-/ + A{H + + AHfT + Tcha - iuTcha “ 


3H 


(29) 


Substituting Eqs. (l271l and (|28ll in Eq. (l271l . it follows 

T,nS,n = fe(4L7/r) + {8H^ - 16M)/tc - SH^fra] -(30) 








Using the horizon entropy relation, one can hnd 


ThSn = 


1 

2fAHG 


{2HrAfA - Ta)- 


( 31 ) 


Now we discuss the validity of GSLT which requires {ThSh + Tin Sin) ^ 0. In 
this setting, we assume a relation between the temperature of matter and 
energy sources within the horizon and temperature of apparent horizon he.. 
Tin = bTh, where 0 < 6 < 1. It is natural to assume a relation between the 
temperature of apparent horizon and entire contents within the horizon which 
results in thermal equilibrium for the choice of 6 = 1. Generally speaking, the 
horizon temperature varies from the temperature of all energy sources inside 
the horizon and this variation makes the spontaneous flow of energy between 
between the horizon and fluid components so that thermal equilibrium is no 
longer preserved [33]. Here, we are discussing the equilibrium description of 
thermodynamics in /(T, Tg) gravity, so that we limit our results to the case 
of thermal equilibrium 6=1 i.e., the horizon temperature is equal to that of 
fluid components inside the horizon. 

After some manipulation Eqs. fl3Up and fl3ip can be summed to the follow¬ 
ing form 


+ -ff) - \s,(.WfT) + - 16HH)fT, 


2GH^ 

- 


(32) 


which is a condition to validate the GSLT in f{T,TG) gravity and it can 
be varihed for different choices of Lagrangian. To illustrate the validity of 
GSLT in /(T, Tg) gravity, we consider some generic /(T, T^) models of the 
following form [27] 

1 . f{T,TG) = -T + aWT^ + a2TG, 

2. /(T, Tg) = -T + /3i VT2 + I32Tg + a{T^ + a^T^Wl 

3. f{T, Tg) = -T + /3i(T2 + P,Tg) + I3^{T^ + I3,Tg)\ 


where Tg contains the quartic torsion term, ads and /Sds are dimension¬ 
less coupling parameters. These models have been proposed in [27], where 
authors discussed the phase space analysis and expansion history from early- 
times inflation to late-times cosmic acceleration with no need of introducing 
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cosmological constant. It is found that effective EoS parameter can repre¬ 
sents different eras of the universe namely, quintessence, phantom and quin- 
tom phase (crossing of phantom divide line). 

• f{T,TG) = -T + aWr^ + a2TG 

Initially, we consider the model of the form /(T, Tg) = —T + ai\/T‘^ -|- q:27g, 
where ads are constrained for the validity of GSLT. The derivatives of / can 
be calculated as 


/t 

It 

ha 

/tg 


-1 + aiT{T^ + a2TG)-'/^ 

aiT(T2 + a{rG)-^''^ - y (2T2t + a^TTG^T’^ + ot^rGY^'^", 


-0L\0L2 


4 

CX 1 CX 2 


(T^ + asTc)-"/' 


(T^ + aaTc)-"/' 


2TT + asTb) 


(2TT + a2TG), 

+ a2TG)-^(2TT + a2TG) + {2t^ 


Using the above relations, one can find GSLT of the following form 

ThYot = 


+ U - + H) [m-T + a. ^/W+^) 


+ 4:H{aif{T^ + (x^TgY^I'^ - y (2T2t + a2TTb)(T2 + a2TG) 


r3 1Ct7ZT^r Q;i'^2^rp2 , \-3/2 


- 16i7iL){- 


(T^ + a2TGY^ YTT + a2TG)} - 8H^ 


X {^(T2 + a2TG)-3/2{^(T2 + a2TG)-'(2Tt + a2tG) + 


+ 2TT + a2TG)}} 


(33) 


Here, we dehne some cosmic parameters namely 
parameters in terms of H as 


Q = - 



r = 2q^ + 



deceleration, jerk and snap 

Y - 1) 

3(g-i/2)’ 


so that the time derivatives of H can be expressed in terms of these param¬ 
eters as 


H = -H\l + q), H = HYj + 3q + 2), H = H\s - 4j - 3q{q + 4) - 6). 
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Figure 1: Evolution of GSLT for the model fiT^Tc) = —T + aix/T^ + a 2 TG 
in terms of coupling parameters ai and a 2 - 

Hence, one can represent T, Tq and their derivatives in terms of recent value 
of Hubble parameter Hq and cosmic parameters of the following form 

T = ml TG = -2AqHl f = 12Hll + q), 

Tg = 48H^,{l + qf-96H^,{l + q) + 2m^,{j + 3q + 2), 

f = 12H^{l + qf + 12Hlj + 3q + 2), 

Tg = -ASHll + qf - lUHll + q){j + 3q + 2) + 288Hll + qf 

+ 24Hls-4j-3q{q + 4)-Q) + 96Hlj+ 3q + 2). (34) 

Substituting relations fl34)) in ([33]), it implies the GSLT in terms of recent 
values of cosmic parameters. In this study, we set the present day values of 
Hubble, deceleration, jerk and snap parameters as Hq = 73.8, go = —0.81 ± 
0.14, jo = 2.16^o; 75 and sq = —0.22lQjg [33]. In Figure 1, we show the 
evolution of GSLT for model 1 in terms of parameters ai and a 2 - It can be 
seen that GSLT is satished for > 0. 

Gosmic expansion history is thought to have experienced the decelerated 
phase and hence transition to accelerating epoch. Thus, power law solutions 
can play vital role to connect the matter dominated phase with accelerating 
paradigm. The existence of power law solutions in FRW setting is particu¬ 
larly relevant to intimate all possible cosmic evolutions. The scale factor for 
power law cosmology is dehned as 

a{t) = 


11 
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Figure 2: Evolution of GSLT for the model /{T^Tg) = —T + ctix/T^ + 02^0 
versus m and t with coupling parameters ai = 14 and 02 = 0.02. 

where m is a positive real number. If 0 < m < 1, then the required power 
law solution is decelerating while for m > 1 it exhibits accelerating behavior. 
To be more explicit for the above constraint, we set the power law cosmology 
for accelerated cosmic expansion (m > 1). For FRW universe, we show the 
evolution of GSLT in Figure 2. It can be seen that validity of GSLT requires 
m > 2 with = 14 and 02 = 0.02. 

. /(r,TG) = -T + /3i^/T^T^ + «iT2 + «2TVW 

This model is modihed version of previous model and involves higher order 
correction terms like and THere, one can End the derivatives / 
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It = -l + /3iTT(T2 + /32TG)-'/2 + 2«iTt + a2T^^, 
h = m{T‘^ + /32TG)-^/^ + 2a,}f-{/3,T^f + ^/3^(32TfG}iT^ + (32TG)-^/^ 

+ fd^cD-^/^Tc], 

ha = [{-^/5i/52T(T2 + /32TG)-^/^ + y(|TG|)-'/2}t + {-^(T2 + /32TG)-3/2 

- ^(ITcD-^/^Tg], 

ha = {-^{h + hTG)-^'^ + ^^^T\h + (32TG)-^/hh + 2{^-(3i(3lT{h 

+ ^Tg)-^'^ - ^(|Tg|)-3/2}TTg + {\hl3l{h + /32Tg)-'^/2 
+ ^-^{\TG\)-^/hTG. (35) 


Using the derivatives fl5B]) . we can represent the GSLT as 


Thhot = 


+ 

X 


+ 

+ 


+ iJ ) - + if ) [ 4 i /{( ft ( r = + hTa)-'!^ + 2a,)f 

+ iftftrToXr" + ftTo)-’'" + y (ircD-'-'^ro} + 4ff {-i 
/3iTf{h + + 2«iTt + aatvl^} + (SiY^ - 16HH) 

{{Z^T{h + ^Tg)-^'’^ + y (|Tg|)-'/')T + (-^(T^ + hTcY^’h 
^(|TG|)-=*/2)tG} - 8i72{(_^(T2 + /32 Tg)-='/2 + 

+ (^/3i/32T(T2 + /32Tg)-^/ 2 - ^(|TG|)-3/2)tTG 


WI{\Tg\) 


-5/2 _|_ 3^27" 


(|rG|)-'/")fG} 


( 36 ) 


We hrst analyze the evolution of GSLT in terms of present day values of 
cosmic parameters and show the respective behavior in Figure 3. In left plot 
we present the validity of GSLT in terms of parameters /3j, which can be 
met only if a* < 0. Similarly, in right plot we £x f3i and GSLT is satished if 
Qfj < 0. Furthermore, we consider the power law cosmology and present the 
validity of GSLT in term of t and m as shown in Figure 4. 
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Figure 3: Evolution of GSLT for the model /(T, Tg) = —T +/3i + I32Tg+ 

aiT^ + a2T ^J\Tg\ versus the parameters ai{i = 1,2) and (3i{i = 1,2). The 
left plot corresponds to parameters cti = —0.2 and 0^2 = —0.1 and right plot 
corresponds to /9i = 0.2 and {32 = 2. 



Figure 4: Evolution of GSLT for the model /(T, Tq) = —T +/3i + (32Tg+ 

+ a 2 T^/\T^ versus m and t with ai = —0.2, 02 = 0.1, /5i = 0.2 and 
(32 = 0.1. 
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/(T, Tg) = -T + /3,{T^ + /32Tg) + /33{T^ + PJ'g? 


Here, f{T,TG) model involves fourth order torsion terms and second order 
contribution from Tg. For this model, the derivatives of / are obtained as 


h = -1 + 2P,T + 4/3 sT{T^ + P,Tg), 
fT = (2/3i + 12/33T2 + 4/?3/54Tg)T +W 4 TTG, 
ha = 4/3,/3,Tf + 2/3s/3lfG, 
ha = 4(3,hT^ + 4(3,/3,Tf + 2l33(3lTG. 


Using the above expressions we hnd constraint for GSLT of the form 


ThStot = 


+ 

X 

+ 


^^(2if2 + h)-^{H^ + H) [AH{{2h + I 2 / 33 T 2 + 

4 / 33 / 34 TTG} + AH{-1 + 2/?iT + A(3^{h + /34Tg)T} + - 16HH) 

{{2h + + 4/33/54TG)t + A(3^(3,TtG] - m‘^{A(3MT‘' + TT) 

2/?3/94Tg}1 . (37) 


One can see that constraint (|37|l depends only on the parameters /9i, (Az 
and h- To specify the values of these parameters we consider recent cosmic 
parameters (|M|1 and show the evolution of GSLT in left plot of Figure 5. In 
right plot we consider the power law cosmology and fix (Ai to find variation 
to hnd variation of GSLT versus m and t. 


5 Concluding Remarks 

In this paper, the thermodynamics properties have been discussed in /(T, Tg) 
theory, where T stands for torsion and Tg represents the teleparallel equiva¬ 
lent of the Gauss-Bonnet term. We present the equilibrium picture of ther¬ 
modynamics at the apparent horizon of FRW spacetime. We show that held 
equations can be cast to the form of FLT TdS = —dE + dW. We hnd 
that no entropy production term is produced in this work as compared to 
modihed theories involving curvature matter coupling [29]-|3T]. The results 
of this theory coincide with that in Einstein, Gauss-Bonnet, Lovelock and 
braneworld modihed theories m-m- 

We also explore the validity of GSLT in the framework of f{T,TG) grav¬ 
ity. In this perspective, we consider three generic f{T,TG) models namely. 
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Figure 5: Evolution of GSLT for the model f{T, Tq) = -T + /?i(T2 + /32Tg) + 
+ (^aTgY- In left plot we fix the f3i = 2 and show the variation of /Ss 
and /94. The right plot shows the evolution of GSLT in terms of parameter 
m and time t with /3i = .1, /ds = 1 and (3^ = 2. 

f{T, Tg) = -T + aWr^ + a^TG, f{T, Tg) = -T + A + 

and /(T,Tg) = -T +A(T2 +ATg) + A(THATg)'. We set the 
constraint for GSLT in terms of present day values of Hubble, deceleration, 
jerk and snap parameters. In Figure 1, we show the evolution of GSLT for 
model 1 and it is found to be satisfied if o;* > 0. In this discussion we further 
consider the power law cosmology and found the constraints for accelerated 
cosmic expansion. Figure 2 shows that GSLT can be met for m > 2 with 
= 14 and 0^2 = 0.02. For second model one requires coupling parameters 
ai < 0 with A > 0. Moreover in case of model 3 , we fix = 2 and show the 
variation of A ^md A plof of Figure 5. In right plot the evolution of 

GSLT for power law cosmology with fixed parameters A- 
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